We show that for every Banach space X the set of 2-homogeneous continuous polynomials whose canonical extension to X * * attain their norm is a dense subset of the space of all 2-homogeneous continuous polynomials P( 
§1. Introduction
This note continues recent work on generalizations of the Bishop-Phelps theorem [6] , on the density of the set of norm attaining continuous linear functionals on a Banach space X in X * . The most significant such extension was done nearly 40 years ago by Lindenstrauss [13] , who gave examples of Banach spaces X and Y for which the set of norm attaining linear operators is not a dense subset of L(X, Y ). He also proved that the set of continuous linear operators T ∈ L(X, Y ) between Banach spaces Xand Y whose second transpose T * * attains its norm on X * * is dense in L(X, Y ).
Using the obvious isometry between L(X, Y * ) and the space L(
norm-attaining bilinear forms. In fact, in the most common case X = Y, there are three sets of natural questions which can be asked:
(i) a) Is the set of norm attaining bilinear forms on X dense in L(
b) Is the set of bilinear forms, whose extension to X * * × X * * is norm attaining, dense in L( 2 (X × X))?
(ii) a) Is the set of norm attaining symmetric bilinear forms
b) Is the set of symmetric bilinear forms, whose extension to
(iii) a) Is the set of norm attaining 2-homogeneous polynomials X → K dense in the space of 2-homogeneous polynomials P( 2 X)?
b) Is the set of 2-homogeneous polynomials whose canonical extension to X * * is norm attaining dense in P( 2 X)?
(We recall that P( n X) denotes the Banach space of n-homogeneous continuous polynomials P : X → K, and that, by definition, each such P is associated with a unique continuous symmetric n-linear form A :
The norm of P is P := sup{|P (x)| : x ≤ 1}, the norm of an element A in the space L( n X) of continuous n-linear forms
. . , n}, and the relation between the norm of an n-homogeneous polynomial and that of the associated symmetric n-linear form is P ≤ A ≤ (n n /n!) P . See [10] for background information.) These questions are perhaps a bit more subtle than may first appear. For example, the fact that for T ∈ L(X, Y * ), there is a point x 0 ∈ X, ||x 0 || = 1, such that ||T || = ||T (x 0 )|| does not imply that there are vectors x 1 , y 1 of norm 1 such that for the corresponding bilinear form A ∈ L(
There are partial positive answers to part a) of each of the three questions. For example, Finet, Werner, and the first author showed in [5] that if X has the Radon-Nikodym property, then the set of norm attaining n-linear forms on X is dense in L( n X) for every n ≥ 1. In [8] , Choi and Kim obtained positive results for part a) of all three questions when, for example, X has the DunfordPettis property with shrinking basis. In general, however, part a) of the three questions has a negative answer. In [2] , Acosta, Aguirre, and Payá showed that the answer to the first part of questions (i) and (ii) is negative for X = G, the Gowers space. An independent example was given by Choi [7] for
can be approximated by a norm attaining linear mapping ( [11] ). Moreover, Jiménez and Payá showed that the set N A(P( n X)) of norm attaining n-homogeneous polynomials on a Banach space X is not norm dense in the Banach space P( n X) of all nhomogeneous polynomials on X ([12, Theorem 3.2], see also [2] ). The situation for part b) of these questions is quite different. In 1998 Acosta proved in [1, Theorem 1] that the subset of L( 2 X), consisting of all bilinear forms on X whose third Arens transpose attains its norm, is dense in L 2 (X). In this note, we answer part b) of question (iii), by proving that for every Banach space X, the set of all 2-homogeneous polynomials whose canonical extension [4] to X * * attain their norm is a dense subset of P( 2 X).
We obtain this result by using a variation of Lindenstrauss' original argument. We also sharpen Acosta's result. The authors are unaware of any progress on part b) of question (ii). In addition, the analogue of Lindenstrauss' result for n-homogeneous and n-linear forms when n ≥ 3 remains open. §2. Results Proof. We will emphasize where our argument, which is based on that of [13, Theorem 1] , differs from it. Let P ∈ P( 2 X) be such that P = 1, let A ∈ L s ( 2 X) be the symmetric bilinear mapping associated to P , and let with 0 < < 1/3 be given. We choose first a monotonically decreasing sequence { k } of positive numbers which satisfies the following conditions:
For every
(1) 8
Using induction, we next choose sequences
in X, satisfying
where A k ∈ L s ( 2 X) is the unique symmetric bilinear form associated to P k .
Having chosen these sequences we see that the following hold.
We prove this assertion by induction on k. Note that
, and
so that (5) holds for k = 2. If we assume that (5) is true for a given k ∈ N, we have that
2 (1/8) < 1 + (16/9)(1/6) < 4/3, because of (1).
(6) ( P k ) is a strictly increasing sequence,
The proof of these relations is very similar to that of the corresponding estimates in [13] .
By using (6) and (7) we get
2 j , and (8) follows.
and B ∈ L s ( 2 X) which are the limits of these respective Cauchy sequences; moreover, it is clear that B is the bilinear form which corresponds to P. Thus, given η > 0, there exists j 0 ∈ N such that
So, if z ∈ X * * is a cluster point of (x k ) then
This implies thatQ is norm attaining. On the other hand, by (1) and (5), we have
Hence P − Q ≤ and this concludes the proof.
The following is an improvement of M. Acosta's result [1, Theorem 1]. The proof, which is again a modification of Lindenstrauss' original argument, seems simpler to the authors than the one presented in [1] . The examples which follow show that this result does indeed have some content.
Theorem 2.2.
The set of bilinear forms A : X × Y → K whose extensions A 12 and A 21 attain their norms simultaneously at the same points is dense in L(
Proof. Since the reasoning is very similar to that of [13] and Theorem 2.1, we will give only a very brief sketch, indicating only where some (slight) differences appear.
Let A ∈ L( 2 (X × Y )) and , 0 < < 1/3, be given. We assume that A = 1 and we choose a monotonically decreasing sequence { k } of positive numbers which satisfies the following conditions:
We next choose sequences
Arguing as above, 1 ≤ A j ≤ A j+1 ≤ 4/3 for all j, and
The last inequality is a consequence of the following:
The sequence (A j ) converges in norm to a bilinear form B satisfying A− B ≤
. By (1) we will have
Now if x * * 0 ∈ X * * and y * * 0 ∈ Y * * are weak-* cluster points of (x j ) and (y j ) respectively, by (2) we will have
and the result follows.
The first place that one might look for an example that the two natural extensions of a bilinear form behave differently with respect to norm attainment is the non-Arens regular space 1 , and indeed it is here that we have the following examples.
Example 1.
Let
Then A ∈ L s ( 2 1 ), A is not norm attaining, and there are points z, w ∈
We omit the details of proof for this example, since they are similar to those of Example 2, below.
Example 2.
There is a bilinear form A on 1 × 1 such that neither A nor A 12 is norm attaining, but such that A 21 is norm attaining.
Proof. Define
Since |A(x, y)| ≤ n,k |x n ||y k | and A(e n , e n ) = n/(n + 1), ||A|| = 1. It is also easy that ||A|| is not attained. Moreover, we have:
(i) A 12 is also not norm attaining, although (ii) 1 = A 21 (z, z) = ||A 21 ||, for any z ∈ * * 1 which is a weak-* cluster point of (e n ).
The verification of (ii) is easy: Since δ was arbitrary, we conclude that A 12 (x, w) = lim β A(x, y β ) = 0, and since x was arbitrary it must be that A 12 (z, w) = 0, which is a contradiction.
